We show that every homomorphism from the fundamental group of a planar Peano continuum to the fundamental group of a planar or one-dimensional Peano continuum is induced by a continuous map up to conjugation.
Introduction
In recent years substantial process has been made in understanding the algebraic topology of low-dimensional topological spaces which are not semi-locally simply connected. One method that has proved very effective is studying homomorphisms of fundamental groups which are induced by continuous maps cc3 [CC2] , eda [E2] , ck [CK] . Katsuya Eda proved the following theorem in eda3 [E3] .
Theorem Let X and Y be a one-dimensional Peano continua. Then for every homomorphism ϕ : π 1 (X, x) → π 1 (Y, y 0 ); then there exists a path α : (I, 0, 1) → (Y, y 0 , y) and a continuous
Eda then used this to show that two one-dimensional Peano continua are homotopy equivalent if and only if their fundamental groups are isomorphic. Previously, the author jointly with Greg Conner proved the analogues result when Y was allowed to be a planar Peano continuum.
Here we will prove the following theorem. 
Planar to one-dimensional or planar
We will use D to denote the unit disc in the Euclidean plane R 2 and I to denote the interval
For a metric space X, let B X r (x) = {y ∈ X | d(x, y) < r} and S X r (x) = {y ∈ X | d(x, y) = r}. If X is a planar set then B X r (x) = B R 2 r (x) ∩ X and S X r (x) = S R 2 r (x) ∩ X. If X is a planar set, we will use int X to denote the interior of X as a subset of the plane, X for the closure of X in the plane, ∂X for X\ int X , and Hull X for the convex hull of X in the plane intersected with X. Additionally; if the image of ϕ is uncountable, then T is unique up to homotopy rel endpoints.
cutoff Lemma 1.2. Let D be the unit disc in the plane. Suppose the f : ∂D → X is a continuous map into a planar or one-dimensional Peano continuum. If f is null homotopic then there exists a
The lemma is trivial when X is one-dimensional and Cannon and Conner in cc3 [CC2] prove that every null homotopic loop in a planar Peano continuum can be null homotoped in Hull X .
opensquares Lemma 1.3. Every bounded open set U of R 2 is the union of a sequence of diadic squares with disjoint interiors whose diameters form a null sequence. In addition, the squares can be chosen such that if A i is the union of squares with side length at least
This is standard and well known. However we present a proof to introduce notation that we will use.
Proof. Let Q i be a sequence of partitions of the plane with the Euclidean metric into closed square discs with side length 1 2 i such that Q i refines Q i−1 . Q i can be chosen to be the set of squares with vertices (
We will inductively define D i and A i as follows. Let D i be the maximal subset of Q i such
The following lemma is a special case of a lemma proved by Greg Conner and Mark Meilstrup in precm [CM] .
aalem1 Lemma 1.4. Let h be a function from I × I into a space Z. Let {C i } be a sequence of closed intervals with disjoint interiors which cover I. Suppose that h restricted to I×{0, 1} is continuous and for each i h restricted to C i × I is continuous. If diam {h(C i × I)} forms a null sequence, then h is continuous.
Proof. Consider a sequence (x n , y n ) → (x 0 , y 0 ). For each n, choose an i n such that x n ∈ C in .
If {C in } is finite then by restricting h to ∪ n C in × Y we have n(x n , y n ) → h(x 0 , y 0 ) be a finite application of the pasting lemma. If {C in } is infinite, then diam {h(C in × I)} a null sequence and d h(x n , y n ), h(x n , 0) converges to 0. Thus h is continuous.
The following lemma is immediate from the construction of A i and the diameter condition of the squares composing A i . Alternatively it is straight forward given a surjective map f : I → X to modify it to construct a surjective map from I to X (1) .
Lemma 1.5. Let X be a planar Peano continuum and with the property that f * = T • ϕ.
where A i is as in Lemma Let α be a loop in X. Then there exists an loop α ′ in X (1) homotopic (in X) to α. Then
as desired.
